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Abstract—The transient buoyant rotating convective flow and heat transfer in a tall vertical annulus
containing cold water near the density inversion have been investigated via a finite difference procedure.
Simulations are carried out by solving axisymmetric Navier-Stokes equations adhering to the Boussinesq
approximation coupled to the energy equation for an aspect ratio 4 = 8 and radius ratio RR = 2, two
density inversion parameters 0, = 0.4 and 0.5, three Reynolds numbers Re = 50, 100, and 150, and varying
Rayleigh number (up to 10%). Numerical results demonstrate that the transient mixed convective flow and
heat transfer may evolve into sustained oscillation over a certain range of Rayleigh number at given 4,
and Re; outside such unstable Re-range, the transient evolution converges to steady-state solution. The
transition into oscillatory convection arises at higher Rayleigh number with higher Reynolds number.
Within the unstable convection regimes, simple as well as complex periodic oscillation, and chaotic
oscillations have been detected. Moreover, the unstable Ra-ranges under fixed Re for 6, = 0.5 are found
to be wider than those for 6, = 0.4, clearly reflecting the effects of the density inversion on the transient
buoyant rotating convective flow and heat transfer in the tall vertical annulus.
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INTRODUCTION

BuoyaNcy driven flow and heat transfer of cold water
in a confined space are well known to develop in a
peculiar way due to the density inversion phenomenon
associated with the occurrence of the maximum den-
sity at about 4°C [1-3]. Despite the great attention
paid in the literature to the steady-state convection
heat transfer problem of cold water, the transient flow
condition has not yet been sufficiently studied. In the
present paper we consider the transient axisymmetric
buoyant rotating fluid flow and heat transfer of cold
water enclosed in a tall vertical annulus with a heated
rotating inner cylinder, as depicted schematically in
Fig. 1. As demonstrated in the earlier study [4] for
the steady-state solutions to a physical configuration
identical to that under consideration here, the steady-
state fluid flow structure and heat transfer charac-
teristics of cold water within the vertical annulus can
be greatly modified by the centrifugally forced con-
vection due to the perturbing rotation of the inner
cylinder. The resulting mixed convection heat and
fluid flow fields in the vertical annulus are strongly
affected by the density anomaly of cold water as well.
In particular, the perturbing rotation of the inner
cylinder can be a feasible treatment to circumvent
occurrence of inherently minimum natural-convec-
tion heat transfer characteristics of cold water in a
vertical annulus. The primary objective of this study

1 To whom correspondence should be addressed.

is, as a continuing effort of our earlier study [4], to
document the transient evolution to steady-state solu-
tions and the transition to unsteady solutions of the
buoyant rotating convection in a cold water-filled
vertical annulus of aspect ratio 8.

The problem of fluid flow instability between con-
centric rotating cylinders, Taylor-Couette flow, has
been studied extensively for over one hundred years
and still remains as one of the hot topics for
researchers. Comprehensive reviews of this flow prob-
lem are available [5, 6] and the references therein
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Fi1G. 1. Schematic diagram and coordinate system of the
physical configuration.
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a exponent of density equation
A aspect ratio, H/L

Fo Fourier number, at/L*

Fr Froude number, LQ?/g

g gravitational acceleration

Gr  Grashof number, g(rsp)| T, — T,|“L*/(+v?)
h heat transfer coefficient

H height of the annulus

k thermal conductivity

k.,  equivalent thermal conductivity,

Nuln (RR)/(RR—1)
L annulus gap, r,—r,
Nu  Nusselt number
Pr Prandtl number
rt radial coordinate
r dimensionless radial coordinate, r*/L
Ra Rayleigh number, Pr Gr
Re  rotational Reynolds number, LQ?/y
T, radius of inner cylinder
radius of outer cylinder

RR  radius ratio, r,/r;

rsp coefficient of density equation

T temperature

u radial velocity component,
—(1/r WOy {E2)

v angular velocity component

W axial velocity component,

(1/) (O /0r)

NOMENCLATURE

* axial coordinate

- dimensionless axial coordinale, =% /L.

Greek symbols

o thermal diffusivity

I swirl velocity, r

g dimensionless vorticity,

(Cu/dz) —(éw/or)

( dimensionless temperature,
(T—T)(T,—T,)
density inversion paramcter.

( Tm - ﬁv)/’( t - Tn)
v kinematic viscosity
0 density
T dimensionless time, Pr Re Fo
Y+ stream function
W dimensionless stream function,  */(L°Q)
Q rotational speed of inner cylinder.
Subscripts
i inner cylinder
m density extreme :
0 outer cylinder.
1
i
|
Superscript

averaged quantity.

should be consulted for further details. Owing to its
relevance to various engineering applications and geo-
physical phenomena. there has been considerable
research interest toward the buoyant rotating (mixed)
convection flow and heat transfer within a rotating
cylindrical annulus, as listed chronically in refs. [7—
12]. de Vahl Davis and his coworkers [7, 8] analyzed,
through finite difference calculations, laminar mixed
convection heat transfer for short to moderate vertical
annuli with an inner cylinder and one of the horizontal
endwalls rotating about the vertical axis. Further-
more, Ball and Farouk presented a series of studies
[9-12] concerning the buoyancy effects on the fluid
flow patterns and heat transfer characteristics
developed in a taller annulus with a heated rotating
inner cylinder. In particular, the buoyancy effects on
the bifurcation and stability of the Taylor—Couette
flow were respectively addressed numerically [11] and
experimentally [12]. The structure of the Taylor vor-
tices was found to be greatly distorted with buoyant
flows.

PROBLEM DESCRIPTION AND FORMULATION

We consider a vertical cylindrical annulus of height
H and gap width L formed by two concentric vertical

circular cylinders of radii r, and r,, respectively. As
depicted in Fig. 1, the inner and outer cylinders arc
maintained isothermally at temperature 7, and T,
(< T), respectively. The heated inner cylinder rotates
axially with a constant angular speed Q, while the
outer cylinder and the horizontal end walls of the
annulus are stationary. Moreover, the horizontal end
walls are assumed adiabatic.

The mathematical formulation for the problem
considered here is essentially identical to that
described in detail in the earlier work [4]; therefore,
there is no need to repeat it here. In short, the transient
axisymmetric, laminar buoyant rotating fluid flow and
heat transfer of cold water in the annulus are governed
by the following dimensionless differential equations
for the vorticity {, the stream function i, the swirl
velocity I', and the temperature 0:

b o) | ewd)
Pr Re ¢Fo aor oz
Gr Fr o00* or 2 o Gr oo*
M Yl PR DI Tk
Re? <F oz +20 02) P er TR o

Re\dr*

L[ e [ e
(f+ g E) (1)
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where 0* =|0—0,]° and the density—temperature

relationship of cold water proposed by Gebhart and
Mollendrof [13] was adopted as of the form:

(1) = pn(1—1sp|T— T, |*) (%)

where p, =999.9720 kg m=3 T, =4.29325°C,
a = 1.894816, and rsp = 9.297173 x 10~¢ (°C) =
The dimensionless boundary conditions are :

00

z=0ord; u=w=I=y =0, $=O (6a)
1
"TRR-T1’

—wey=0, T=—1' =1 6b)
u=w=y=0 T=Gr_p> =1 (
— RR 0
"=RR=T’

u=w=I'=y=0=0. (6¢c)

The local Nusselt numbers on the inner and outer
cylinders of the annulus are, respectively, defined as
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k or r=RR/(RR— 1)

Nu, (7Tb)

NUMERICAL METHOD

Equations (1)—(4) subjected to the dimensionless
boundary conditions, equation (6), were solved using
a finite difference technique. The time derivatives were
discretized using the forward differencing scheme
while the spatial derivatives were discretized by the
second-order central difference formula except the
convective terms for which the two-dimensional
QUICK scheme [14] was adopted. A line successive
relaxation scheme was used to solve the finite differ-
ence equations for the vorticity, the swirl velocity, and
the temperature of the problem ; and the SOR scheme
was employed for solving the equations for the stream
function. A fully implicit scheme was used to attain
the transient solutions with a relative convergence
criterion of 10~* for the iteration calculations at each
time step.

In the present study, the spatial discretization in the
radial direction was done in a non-uniform manner
having denser grid distribution adjacent to both the
vertical walls of the annulus ; while uniform grid lines
were laid in the axial direction. A spatial mesh of
31(radial) x 121(axial) was selected for the present
calculations, which was found to be adequate through
a series of tests for grid-size independence of the solu-
tions. For instance, the temporal histories of the aver-
age Nusselt number at the inner cylinder for 6,, = 0.4,
Re = 100, Ra = 10°, and 4 = 8 using three meshes of
31x 121, 41 x 121, 31 x 161 were compared as shown
in Fig. 2, and revealed little difference in the trend of
the temporal variation for the Nusselt number. The
quantitative difference between the average Nusselt
number predicted by the 31 x 121 and 31 x 161 meshes

hL a0
= = — 7a
N k Or | r= 1/(RR— 1) (72)
10
31x121
Ty
oF -~ 31x161
B s
N7
&H
sF

Re=10%Ra=10°% Bp=0.4, AFo=2x10"*

e~
\‘J
3

FiG. 2. Comparison of the averaged Nusselt number at the inner cylinder of the annulus for different
meshes.
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Fi1G. 3. Comparison of the average Nusselt number at the inner cylinder for using different time-step.

is 1.3% and between 31 x 121 and 41 x 121 meshes it
is 0.4%. Furthermore, the differences in the frequency
of the oscillation of the Nusselt number are 0.38%
between the 31 x 121 and 31 x 161 meshes and 0.9%
between the 31 x 121 and 41 x 121 meshes.

Moreover, time steps of 4 x 1074, 2x 107*, and 10
were respectively, used for the transient calculations
of Re = 50, 100, and 150, which were determined by
means of a time step dependence study as exemplified
in Fig. 3 comparing the results of the Nusselt number
using time steps of 10 % 2x10°% and 4x 10" for
4 =8, 0, =04, Re=100. Ru = 10°. Evidently, the
three time steps yield quite identical temporal vari-
ations and the difference in the frequency of the oscil-
lation is only 0.1% between time steps of 107* and
2x 1074

RESULTS AND DISCUSSION

Prior to performing parametric simulations, the
transient computer code developed in the present
study was validated by comparing the steady-state
results converged from the present transient simul-
ation model with the published data for two cases:
the pure natural convection of cold water [2] and the
buoyant rotating convection of air [9] in a vertical
annulus. As demonstrated in Tables 1 and 2. the pre-

Table 1. The Nusselt number and the maximum stream func-
tion for steady-state natural convection of cold water in a
vertical annulus, 4 = 1, RR = 2,0, = 0.5

Ru Nu lf}_,m\

10 L761(L.738)F 0.282(0.281)%
10* 3.572(3.52)% 1.007(0.998)t
10¢ 2.104(2.043)+

7.162(7.136)%

_‘TiFrom ref, [2].

dicted steady-state Nusselt number and the equivalent
thermal conductivity are in good agreement with the
data in the references.

In the present work, all the transient simulations
were initiated from cold start. namely the stagnant
fluid at a uniform temperature of the cold wall. and
the inner cylinder of the annulus was suddenly heated
isothermally to a constant temperature with a con-
stant rotating speed about the axis. Simulations have
been carried out for cold water (Pr = 12.5) contained
in a tall annulus of aspect ratio 4 = 8 and radius ratio
RR = 2 to explore the evolution of fluid flow field and
heat transfer characteristics over the following ranges
of the governing physical parameters: Re = 50, 100,
150: Ra=5x%x10* to 10°; 0, =0.4 and 0.5 with
Fr = 0. The selected values of the density inversion
parameter 0, for the present study were aimed to
reflect the strong effect of the density inversion
phenomenon on the fluid flow problem considered.
Furthermore, the parameter Froude number Fr set to
zero here follows the findings from the earlier studies
[4, 7. 9] that the centrifugal and Coriolis components
of the buoyancy force are rather negligible in com-
parison with that induced by the gravitational accel-
eration under the low rotational speed under con-
sideration. The numerical results generated are
presented hereafter to explore the prominent effects

Table 2. Average heat transfer results of the buoyant rotating
convection of air in a vertical annulus of 4 = 10 with
Re = 100 and RR = 2

Gr Nu Ky
0 2.010 1.393(1.473)%
100 1.998 1.384(1.370)+
500 1.909 1.323¢1.324)F
1000 1.811

1.255(1.258)F

+ From ref. [9].
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Fi1G. 4. Time-history of the average Nusselt number at the inner cylinder: Re = 50, 8,, = 0.4,

of the Rayleigh number on the transient fluid flow and
heat transfer across the annulus under the influence
of the density inversion at three different Reynolds
numbers considered.

Results for Re = 50

For Re =350 and 0, = 0.4 with Ra=5x10° the
flow and temperature fields of cold water in the annu-
fus were found to converge gradually to the steady
state, as evident in the time-history plot of the average
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(b) Fo=0.32
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Nusselt number on the inner cylinder presented in
Fig. 4. The corresponding transient evolution of the
flow field and temperature distribution inside the
annulus is illustrated, respectively, by a sequence of
contour maps of streamlines (left) and isotherms
(right) in Fig. 5. It should be noted that in the contour
plots shown, the rotating heated inner cylinder is on
the left of the vertical annulus. The two numbers in
the parentheses along with the streamline plots denote
the extremes of the stream function. Moreover, the

(d) Stecdy—state
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FiG. 5. Typical transient evolution of the streamlines (left) and isotherms (right) converged to steady-state
solution for 8, = 0.4, Re = 50, and Ra = 5000,
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temperature contour corresponding to the density
extreme, f,, is traced by a dashed line on the isotherm
plots. The plots in Fig. 5 clearly illustrate the com-
peting interaction of transient buoyancy-driven flow
with the growing vortices induced by the centrifugal
force near both the upper and bottom corners of the
annulus; and a steady-state solution is attained at
Fo = 1.88, featuring a complex multicellular flow
structure dominated by the counter-rotating recir-
culations, respectively, at the top and bottom regions
of the annulus, greatly distorting the isotherms. Simi-

C. J. Ho and F. 1. Tu

lar to the finding obtained in ref. {4], the effects of
the centrifugal force appear to be confined to the
region between the heated inner cylinder and the iso-
therm contour of the density extreme {J,,. An increase
of Ra up to 10* triggers a sustained simple periodic
flow and temperature fields with a dimensionless fre-
quency of 9.7, as demonstrated by the oscillatory vari-
ation of the average Nusselt number on the rotating
inner cylinder shown in Fig. 4. Further, from Fig. 4
one can observe that the simple periodic oscillatory
heat transfer behavior continues to sustain with

30 FIRER WU TN SUR SENUE SO SUUUE WU SN WU SN WU S SN SN SUUNE S S 3
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— 3 %
N o
32r Ra=2.5x10°
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FiG. 6. The variations in the oscillation pattern of the averaged Nusselt number with the Rayleigh number
for 8, = 0.5 and Re = 50.
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FiG. 7. The oscillation in the flow field after the averaged Nusselt number has attained a steady-state value :
Re = 50,0, = 0.5, and Ra = 4 x 10°.

increasing oscillation frequency but at decreasing
amplitude as the Rayleigh number is increased to 10°.
Interestingly, at further higher Ra (>2 x 10%), as can
be seen in Fig. 4, the oscillatory heat transfer behavior
ceases to exist and a steady-state Nusselt number vari-
ation resumes after a transient period. In contrast to
this reverse transition from unstable to steady-state
heat transfer characteristics for Ra > 2 x 10°, it should
be noted that the flow field of cold water inside
the annulus still exhibits a sustained low-amplitude
oscillation.

Similar to the foregoing for 8, = 0.4, tae periodic
oscillatory heat transfer behavior prevails for 8, = 0.5
in a certain range of Ra with Re fixed at 50. Figure 6
shows the transient Nusselt number variation over a

range of Ra from 5x 10° to 3.5x 10°. At Ra = 5 x 10°
a steady-state heat transfer behavior evolves. For
Ra = 10* a periodic oscillation at a dimensionless fre-
quency of 8.8 is detected. The oscillatory heat transfer
characteristics continue to prevail at further increas-
ing frequency but with decreasing amplitude as the
Rayleigh number is increased up to Ra = 2.5x 10°;
thereabouts, a reverse transition to steady state regime
is observed. Resembling that observed for 6, = 0.4,
the flow fields inside the annulus continue to exhibit
periodic oscillations with very small amplitude as
demonstrated by the temporal evolution of the Nus-
selt number and the extremes of the stream function
in Fig. 7 for Ra = 4 x 10°. Another important obser-
vation from the results for Re = 50 is that for 8, = 0.4

9
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F1G. 8. Time-history of the average Nusselt number at the inner cylinder: Re = 100, 6, = 0.4.
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and 0.5, the increase of Ra beyond a certain value
leads to increasingly higher steady-state/periodically
averaged Nusselt number, reflecting the aiding effects
of the buoyancy force on the centrifugally forced con-
vection heat transfer across the annulus.

Results for Re = 100

In general, the heat transfer characteristics and the
flow fields in the annulus for Re = 100 are found to
experience a transition quite similar to that elaborated
above for Re = 50, when the Rayleigh number is
varied over a certain Ra-range. The time-history of
the heat transfer rate displayed in Fig. 8 for 0,, = 0.4
clearly reveals a transition from the steady-state
regime at Ra = 2.5x10* into a periodic oscillation
window for Ra between 5x 10* and 2.45 x 10%, and
then a reverse transition to another steady state regime
arises at Ru = 2.5 x 10°. Moreover, as demonstrated
in Fig. 9 displaying the temporal evolution of the
maximum and minimum stream function values of

C.J. Ho and F. J. Tu

the mixed convective flow field, complex periodic
oscillatory flow fields arise over the range of Ru
between 5 x 10* and 2.45 x 10°. To reveal more details
about the flow structure and temperature distribution
inside the annulus, Fig. 10(b) exemplifies the stream-
lines and isotherms at different time instants indicated
in Fig. 10(a) over a cycle of the oscillatory Nusselt
number for Re = 100 and Ru = 2 x 10°. Each frame of
the streamlines plots in Fig. 10(b) features a staggered
multicellular flow pattern filling the annulus. These
layered counter-rotating vortices gencrally are seen
to be demarcated in a manner following the wavy
isotherm contour for the density extreme 0,,: the
clockwise and counterclockwise vortices are centered
to the left and right of the density extreme curve.
respectively. This further signifies the vital role played
by the density inversion on the development of the
buoyant rotating convection in the annulus. During
a cycle. the layered vortices arc seen to shift upward
from the bottom of the annulus, owing to generation
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F1G. 9. Temporal variations for Re = 100 and 0, = 0.4 of (a) maximum and (b) minimum values of the
stream function.
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Fi1G. 10. Streamlines and isotherms at different time instants within a cycle of the oscillations for Re = 100,
0, = 0.4, and Ra = 2x 10°.

or collapse of vortices in the end regions. Due to the
intensified clockwise circulation near the bottom left
corner, a new vortex is induced at the bottom right
corner near the outer cylinder, meanwhile the clock-
wise vortex in the upper region is suppressed. The new
growing counterclockwise vortex at the bottom region
further results in split-up of the upward-shifting clock-

wise vortex near the inner cylinder. Further com-
parison of Fig. 8 with Fig. 4 indicates that contrary
to that for Re = S0, the increase of Ra for Re =
100 and 0, = 0.4 results in a substantial drop of the
steady-state/periodically averaged Nusselt number,
indicative of the opposing effects of the increasing
buoyancy force.
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Fig. 11. Variations of the oscillation pattern of the averaged Nusselt number with the Rayleigh number

for 8, = 0.5 and Re == 100.
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FiG. 12. Phase plot for a chaotic state at Ra = 2 x 10° with
0, = 0.5 and Re = 100.

For 6, = 0.5, as shown in Fig. 11, the increase of
Ra beyond 5 x 10* gives rise.to a transition into the
oscillatory heat transfer regime. In particular, at
Ra = 1.75 x 10° the oscillation becomes aperiodic or
chaotic as demonstrated by the strange attractor
behavior shown in the phase plot of Ny, vs Nu, in
Fig. 12. Figure 13 further displays the corresponding
power spectrum of the chaotic oscillation for the aver-
age Nusselt number on the inner cylinder. The aper-
iodic oscillation persists with further increase of Ra up
t02.75 x 10°. But at Ra = 3 x 10° a periodic oscillation
heat transfer behavior reappears and continues to
prevail with decaying amplitude when the Rayleigh
number is further increased. Till Re = 5 x 10° another
steady-state heat transfer resumes as indicated in
Fig. 11.

Results for Re = 150
A transition displaying characteristics similar to
those observed for Re = 100 are also found for
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F1G. 13. Power spectrum of the averaged Nusselt number for
Ra =2x10°, Re = 100, and 9,, = 0.5.

Re = 150 over a certain range of Ra. As shown in the
temporal variation of the average Nusselt number on
the inner cylinder in Fig. 14 for 8,, = 0.4, a periodic
oscillation window between two steady-state heat
transfer regimes is observed for Ra between 10° and
4 x 10° with the occurrence of a reverse transition
from unstable to steady state at Ra = 5x 10°. As for
0., = 0.5, the oscillatory heat transfer behavior can be
detected for Ra in a wider range between 10° and
8 x 10° as illustrated in Fig. 15. There appears to be
a noticeable difference for the transition evolution
between the cases under 6, = 0.5 and those for
#, = 0.4. The transition through oscillatory heat
transfer regime with increasing Ra for 8, = 0.5 first
evolves as those found for Re = 50 and 100, increas-
ingly higher oscillation frequency but at decaying
amplitude with increasing Ra till about 4 x 10°, at
which a quasi-steady state heat transfer takes place.
But at Ra = 5 x 10°, the heat transfer behavior evolves
into a chaotic oscillation. Interestingly, with further
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F1G. 14. Time-history of the averaged Nusselt number on the inner cylinder for Re = 150 and 6, = 0.4.
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Fi1G. 15. Time series of the averaged Nusselt number on the inner cylinder for Re = 150 and 0, = 0.5.

increase of Ra, the aperiodicity is regularized turning
into another periodic oscillation window as demon-
strated in Fig. 16 displaying the power spectrums

for Ra = 5x10° and 6 x 10°. Eventually, at Ra = 10°

a reverse transition to the steady-state heat transfer
behavior occurs.
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FiG. 16. Power spectrum of the averaged Nusselt number
on the inner cylinder at 6, = 0.5, and Re = 150 with (a)

Ra = 5x10° and (b) Ra = 6 x 10°.

Finally, based on the transient computations per-
formed in the present study, the effect of the Rayleigh
and Reynolds numbers on the stability of the flow
problem under consideration can be represented by a
stability diagram of the form shown in Fig. 17. It is
evident from the figure that for 6,, = 0.4 and 0.5.
the critical Rayleigh number for the transition iuto
oscillatory heat transfer regime tends to increase with
the increase of the Reynolds number, reflecting the
stabilizing effect of the centrifugal force on the mixed
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FiG. 17. Stability diagram of the buoyant rotating convection
of cold water in the annulus.
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convection in the annulus. Moreover, based on the
slope of a straight line curve-fitted through the critical
Rayleigh numbers entering the unstable windows in
Fig. 17, a stability criterion can be postulated as of
the form

Ra

The precise value of C in the relationship (8) still
remains to be determined quantitatively through fur-
ther detailed numerical simulations and/or by exper-
iments. On the other end of the unstable Ra-range,
the critical Rayleigh number for the reverse transition
from unstable to stable regime does not exhibit such
a simple relation with the Reynolds number. Further
examination of Fig. 17 reveals that the Ra-ranges over
which the oscillatory heat transfer prevails at fixed
Re for 6., = 0.5 appear to be wider than those for
0., = 0.4, further indicative of the effect of density
inversion on the transient buoyant rotating con-
vection inside the tall annulus.

CONCLUDING REMARKS

The transient behavior of fluid flow and heat trans-
fer produced by combined thermal buoyancy force
(from radial thermal gradient) and centrifugal force
(due to a rotating inner cylinder) in a tall annulus
of aspect ratio 8 containing water near the density
inversion has been studied via a numerical experiment.
The simulations have been performed for two values
of the density inversion parameter 6,, = 0.4 and 0.5 at
Re = 50, 100, and 150 with varying Rayleigh number.
The present results demonstrate that the transient
buoyant rotating convection of cold water across the
tall annulus at fixed 6,, and Re may become unstable
over a certain range of the Rayleigh number, within
which simple as well as complex periodic (quasi-
periodic) and chaotic (aperiodic) solutions have been
found. The periodic oscillatory heat transfer behavior
is generally characterized with an increasing frequency
but at decaying amplitude with the increase of the
Rayleigh number, so as to result in a reverse transition
from unstable to steady-state regime with the Ray-
leigh number greater than another critical value. Fur-
thermore, the Ra-ranges for 8,, = 0.5 over which the
instability arises are found to be wider than those
for 0,, = 0.4. Still, further detailed numerical work is
needed to quantitatively predict the critical values for
the transition; and as well, the experimental work
verifying the numerical results is needed in future
study.
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